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We study the role of thermal magnons in the spin and heat transport across a normal-
metal/insulating-ferromagnet interface, which is beyond an elastic electronic spin transfer. Using
an interfacial exchange Hamiltonian, which couples spins of itinerant and localized orbitals, we cal-
culate spin and energy currents for an arbitrary interfacial temperature difference and misalignment
of spin accumulation in the normal metal relative to the ferromagnetic order. The magnonic contri-
bution to spin current leads to a temperature-dependent torque on the magnetic order parameter;
reciprocally, the coherent precession of the magnetization pumps spin current into the normal metal,
the magnitude of which is affected by the presence of thermal magnons.
PACS numbers: 72.25.Mk,72.20.Pa,73.50.Lw,72.10.Di
Introduction.—The excitation of magnetic dynamics
by spin-transfer torque [1], and the reciprocal process
of spin pumping [2], are essential components in the
field of metal-based spintronics. Interfacial spin-transfer
torque was first realized in conducting magnetic het-
erostructures, such as spin valves, wherein angular mo-
mentum is exchanged with the magnetic order as spin-
polarized electrons traverse the structure [3]. Subse-
quent was the demonstration of the electrical coupling
of magnetic insulators interfaced with normal conduc-
tors, wherein itinerant-electron spins interact with the
magnetic order over atomistically short length scales near
the interface. This broadens the ferromagnetic-resonance
linewidth [4], allows for spin Hall generation and detec-
tion of magnetic dynamics by electrical means [5], and
engenders spin Seebeck and Peltier effects that couple
magnetic dynamics with heat currents [6]. Despite this
tremendous experimental progress, the basic theoretical
problem of the finite-temperature transfer of angular mo-
mentum across thermodynamically biased normal-metal
(N)/ferromagnetic-insulator (F) interfaces remains open.
The out-of-equilibrium magnonic spin transport in an
N/F bilayer is well understood in the case when the spin
accumulation in N is collinear with the magnetic or-
der parameter in F [7, 8]. In this Letter, we develop a
complete description of spin and heat transfer from both
the large-angle coherent (i.e., magnetic order) and small-
angle incoherent (i.e., magnons) dynamics in F, including
the interplay of the two (wherein magnon transport ex-
erts a torque on the magnetic order parameter and vice
versa), for arbitrary relative orientations of the N spin
accumulation and F magnetization. While the longitu-
dinal spin density injected into F from N is absorbed by
the thermal cloud of magnons, the net transverse spin
current has to be accommodated by the dynamical re-
orientation of the ferromagnetic order parameter, i.e., a
(temperature-dependent) torque. The strength for both
processes can be parameterized by the spin-mixing con-
ductance [9], which we relate to the quantum-mechanical
matrix elements describing elastic and inelastic electron
scattering off of the N/F interface.
Main results.—We start by summarizing our main re-
sults for spin and energy transport across an N/F inter-
face (see Fig. 1 for a schematic), where the spins of itin-
erant electrons in N are exchange coupled to the mag-
netic moments of F. In N, the out-of-equilibrium spin
density (in units of ~) ρ corresponds to spin accumula-
tion µ′ ≡ µ′n′ = 2ρ/D, where n′ is a unit vector, D
is the density of states (per spin and unit volume), and
µ′ ≡ µ+ − µ− is the difference in electrochemical po-
tentials for the electrons up and down along n′ [9]. In
the absence of coupling with the ferromagnet, the elec-
tronic distribution function, 〈c†k′σ′ckσ〉 = fkσσ′δkk′ , can
be written as fˆk =
∑
a=± uˆafka, where {fˆk}σσ′ = fkσσ′ ,
uˆ± =
(
1ˆ± n′ · σˆ) /2 are spin-projection matrices, and
fka = [e
β′(k−µa) + 1]−1 is the Fermi-Dirac distribution
function with a common temperature T ′ ≡ 1/β′ (setting
kB = 1). k is the single-electron energy and T
′ is as-
sumed to be much smaller than the Fermi energy F so
that D can be treated as a constant.
If the equilibrium spin density (the macroscopic order
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FIG. 1. Schematic of the N/F junction. n is the orientation of
the ordered spin density in F and n′ is the spin-accumulation
direction in N, both near the interface. Itinerant electrons
carrying spin ±~/2 along n′ transfer angular momentum via
exchange coupling with both the (macroscopic) order param-
eter n and magnons in F, the latter each carrying angular
momentum ~ in the −n (= z) direction and obeying a Bose-
Einstein distribution with chemical potential µ. Spin and
heat currents across the interface are driven by the out-of-
equilibrium spin accumulation µ′ = µ+ − µ− in N, chemical
potential µ in F, and/or an effective interfacial temperature
drop δT = T −T ′. The interfacial exchange coupling is quan-
tified by the spin-mixing conductance g↑↓ (see text).
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2parameter) in F lies in the direction of the unit vector n,
its excitations (magnons) carry ~ of angular momentum
in the −n direction (neglecting dipolar and spin-orbit
interactions, which is possible when the ambient temper-
ature is much larger than the associated energy scales).
Built in our treatment is the assumption that magnons
maintain an internal thermal equilibrium, which can be
achieved, for example, by strong magnon-magnon scat-
tering (which is enhanced at high temperatures) or by
coupling to an external heat sink (e.g., an adjacent cop-
per layer). Thermal magnons in F then follow the Bose-
Einstein distribution function: 〈aˆ†q′ aˆq〉 = n[β(q−µ)]δqq′ ,
where n(x) = (ex− 1)−1, q is the single-magnon energy,
µ and T ≡ β−1 are the effective magnon chemical poten-
tial and temperature, respectively. This temperature, T ,
understood as the average magnon temperature a corre-
lation length away from the interface, may be different
from that of the electrons at the interface, T ′; the corre-
sponding interfacial thermal bias δT ≡ T − T ′ will affect
the flow of spin and heat across the interface.
The relevant variables whose dynamics we wish to
study are the vectorial spin density ρ and (scalar-valued)
entropy on the electric side and, likewise, vectorial spin
density (whose magnitude is determined by the magnonic
distribution function and direction by the ordering axis
n) and entropy on the magnetic side. The respective
thermodynamic forces are µ′ and T ′ on the N side and
µ, H ⊥ n, and T on the F side, as will be detailed later.
As the central results of this Letter, we calculate, as func-
tions of the temperatures T and T ′, chemical potentials
µ and µ′, and spin-density orientations n and n′, the spin
and energy currents across the interface.
First, when the magnetic order n is static, we obtain
the interfacial spin-current density i = −~ρ˙dN out of the
normal-metal film of thickness dN , up to first order in
n/s (with n as the thermal magnon density and s as the
saturation spin density of F in units of ~):
i|n˙=0 =
1
4pi
(
g˜↑↓i + g˜
↑↓
r n×
)
µ′ × n+ i˜ , (1)
where g˜↑↓i = (1 − n/s)g↑↓i and g˜↑↓r = (1 − 2n/s)g↑↓r [10].
g↑↓r and g
↑↓
i here are, respectively, the real and imaginary
parts of the T = 0 spin-mixing conductance per unit area,
g↑↓ = g↑↓r + ig
↑↓
i [9]. The first term in Eq. (1) stems from
elastic scattering of electrons off of the F macroscopic or-
der, while the last term i˜ is rooted in thermally-activated
electron-magnon scattering at the interface:
i˜ =
∑
a,b=±
Mab[(1− an · n′)(1 + bn · n′)n (2)
+ (a/2− b/2 + abn · n′)n× n′ × n] ,
with
Mab =
g↑↓r
4pis
∫ ∞
0
dg() (+ ~Ω− µab)
× {n [β(− µ∗)]− n [β′(+ ~Ω− µab)]} .
Here, µab ≡ µa − µb, g () is the magnon density of
states (per unit volume), ~Ω is the magnon gap (so
that each magnon carries energy E =  + ~Ω), and
µ∗ ≡ µ − ~Ω. We are supposing that the structure of
the thermal magnons is dominated by exchange interac-
tions, such that they are circularly polarized and carry a
well-defined spin. Regarding the energy-current density
q˙ = −(d/dt)∑k k〈aˆ†kaˆk〉/A out of N through the interfa-
cial area A, elastic scattering does not contribute, while
inelastic scattering yields:
q˙ = −
∑
a,b=±
Nab (1− an · n′) (1 + bn · n′) , (3)
where
Nab =
g↑↓r
4pi~s
∫ ∞
0
dg () (+ ~Ω) (+ ~Ω− µab)
× {n [β(− µ∗)]− n [β′(+ ~Ω− µab)]} .
Second, in order to furthermore include order-
parameter dynamics n(t), we specialize the above results
to linear response, thus allowing us to utilize the On-
sager reciprocity [11] (see discussion below). Our final
expressions (assuming weak thermodynamic biases and
slow order-parameter dynamics) for the total spin and
heat currents (into F) at the interface are:
i =
1
4pi
(
g˜↑↓i + g˜
↑↓
r n×
)
(µ′ × n− ~n˙) (4)
+ [g (µ+ n · µ′) + SδT ]n ,
q˙ =− κδT −Π (µ+ n · µ′) . (5)
Here,
g˜↑↓r = g˜
↑↓
r + 4pi
∑
a,b=±
∂µ′Mab (a/2− b/2 + abn · n′)
is the total effective (real part of the) spin-mixing con-
ductance, g = 4∂µM++ and S = 4∂TM++ are re-
spectively the spin conductance and spin Seebeck coeffi-
cient, κ = 4∂TN++ and Π = 4∂µN++ = TS/~ are the
(magnonic) thermal conductance and spin Peltier coef-
ficient. All these transport coefficients are evaluated in
equilibrium and pertain to the interface. g, κ, S, and Π
are all thermally activated, while g˜↑↓r and g˜
↑↓
i reduce to
the real and imaginary components of the familiar [2, 9]
zero-temperature spin-mixing conductance g↑↓ at T = 0
and acquire thermal corrections that scale as ∼ (T/Tc)3/2
when T  ~Ω (assuming quadratic magnon dispersion),
where Tc is the Curie temperature.
The transverse (i.e., ⊥ n) component of the spin cur-
rent (4) exerts a torque on the magnetic order parame-
ter, which enters on the right-hand side of the generalized
Landau-Lifshitz equation:
(1 + αn×)~n˙+ n×H = (α′i + α′rn×)(µ′ × n− ~n˙) ,
3where α is the bulk Gilbert damping, H is the effective
magnetic field (in appropriate units), α′i = g˜
↑↓
i /4pis˜dF ,
α′r = g˜
↑↓
r /4pis˜dF , s˜ = s − n, and dF is the ferromag-
net’s thickness. (Note that the torque depends on µ′
and Onsager-reciprocal spin pumping ∝ n˙ but not on µ
or δT .) The longitudinal (i.e, ‖ n) spin current, on the
other hand, is accommodated by the magnon flux into
the ferromagnet, im = n˙dF = −n · i/~, driven by the
thermodynamic forces µ, µ′, and δT :
~im = −g (µ+ n · µ′)− SδT ,
which does not depend on the precession of n.
Interfacial coupling.—As an effective model for the
coupling between the spin degrees of freedom of N in-
terfaced with F, we take the exchange Hamiltonian:
Hˆ = −J
∫
d2r ρˆ (r) · sˆ (r) , (6)
where integration is performed over the interfacial area.
Here, ρˆ(x) =
∑
σσ′ ψˆ
†
σ(x)σσσ′ ψˆσ′(x)/2 is the N spin den-
sity (with ψˆσ being spin-σ itinerant electron field oper-
ators and σ a vector of Pauli matrices) and sˆ is the F
spin density associated with localized electron orbitals,
both expressed in units of ~. We will take −n to be the
spin-quantization axis for the electrons in N, such that
an itinerant electron with σ = ↑ (↓) carries an angu-
lar momentum of ~/2 in the ∓n direction. Expanding
ψˆσ(x) =
∑
k ψk(x)cˆkσ in terms of the electron annihi-
lation operators cˆkσ within an orthonormal basis ψk(x)
labeled by orbital quantum numbers k (corresponding
to spin-degenerate energy eigenstates in the absence of
magnetic coupling, J = 0), we write
ρˆ(x) =
1
2
∑
σσ′kk′
ψ∗k(x)ψk′(x)cˆ
†
kσσσσ′ cˆk′σ′ .
Orienting a spin-space Cartesian coordinate system for
the z axis to point in the −n direction, we write, via
the Holstein-Primakoff transformation [12], the F spin
density:
sˆz(x) = φˆ
†(x)φˆ(x)− s , sˆ−(x) =
√
2s− φˆ†(x)φˆ(x)φˆ(x) ,
where sˆ± ≡ sˆx ± isˆy and φˆ (x) is the magnon
field operator obeying the bosonic commutation rela-
tion [φˆ (x) , φˆ† (x′)] = δ (x− x′). Expressing φˆ (x) =∑
q φq (x) aˆq in the orthonormal spin-wave basis φq (x)
(aˆq being the magnon annihilation operators) and insert-
ing the above spin densities into Eq. (6), we obtain to
second order in aˆq:
Hˆ ≈
∑
kk′σ
Ukk′σ cˆ
†
kσ cˆk′σ(1− nˆ/s)
+
(∑
kk′q
Vkk′q cˆ
†
k↑cˆk′↓aˆq + H.c.
)
, (7)
where nˆ =
∑
q aˆ
†
qaˆq/AdF is the magnon-density operator.
The first term in Eq. (7) has matrix elements
Ukk′↑ ≡ J s
2
∫
d2rψ∗k (r)ψk′ (r) = −Ukk′↓
and describes the elastic scattering of electrons off the
static magnetization of F. When the spin of an incom-
ing electron in N is collinear with n, scattering by Ukk′σ
mixes orbital states while preserving the spin, such that
no torque is exerted on F. In general, we can supply
electrons that are polarized along a different axis n′, as
sketched in Fig. 1. Rewriting the first term in Eq. (7) in
the corresponding ± basis, we would obtain the spin-
flip terms ∝ cˆ†k+ cˆk′− , which result in a spin angular-
momentum transfer to F. The second term in Eq. (7)
has matrix elements
Vkk′q ≡ −J
√
s
2
∫
d2rψ∗k (r)ψk′ (r)φq (r) ,
and, along with its conjugate, describe inelastic spin-flip
scattering processes wherein an up-electron/down-hole
pair is created (annihilated) in N, along the z axis, de-
stroying (creating) a magnon in F. As we show below,
in contrast to elastic scattering processes, such inelastic
spin flips generate a temperature-dependent spin current
with a component along n.
Having established the equilibrium states of magnons
in F and electrons in N (held at different temperatures,
T and T ′, and spin chemical potentials, µ and µ′) when
J = 0, we treat the transport perturbatively for a finite
J . To this end, we utilize the Kubo formula to calculate
the spin current i, up to second order in exchange J ,
yielding an expression in the form of Eq. (1). The first
term in Eq. (1) arises from elastic scattering Ukk′σ, which
governs coefficients g↑↓i = DU and g
↑↓
r = D
2 |U ′|2, where
U ≡ 2pi
AD
∑
k
δ(F − k)(Ukk↑ − Ukk↓) ,
|U ′|2 ≡ pi
2
2AD2
∑
kk′
δ(F − k)δ(F − k′)
×
[
|Ukk′↑|2 + |Ukk′↓|2 − 2Re
(
Ukk′↑U∗kk′↓
)]
.
Thus the reactive (g↑↓i ) and dissipative (g
↑↓
r ) spin currents
arising from elastic scattering depend on the orientations
of the N and F spin densities but not on thermal bias.
From the form of this spin current [i.e., the first term
in Eq. (1)], which survives a nonperturbative scattering-
matrix treatment [9], we identify g↑↓r and g
↑↓
i as the real
and imaginary parts of the spin-mixing conductance.
In contrast, the magnonic contribution i˜ to spin cur-
rent, which arises from inelastic processes Vkk′q, is addi-
tionally dependent on the magnon distribution function
in F and temperature in N. To calculate it, let us start
by considering the spin current associated with a single
4mode q at energy q  F that is macroscopically occu-
pied with nqAdF  1 magnons. In this case, using the
second line in Eq. (7), we obtain via the Kubo formula:
i˜q = nq |Vq|2D2 [n× µ′ × n+ 2n(n · µ′ + ~Ω)] , (8)
where
|Vq|2 ≡ pidF
D2
∑
kk′
|Vkk′q|2 δ (F − k) δ (F − k′) .
The macroscopic occupation of the q = 0 mode is, in
essence, a precessing macrospin, which may be excited
at zero temperature while all of the thermal modes are
frozen out. The spin current (8) (with q = 0) into
F may then be compared with the standard expression
[2] for spin current i0(t) produced by a single classical
macrospin pointing in the direction n0(t):
i0 (t) =
1
4pi
(
g↑↓i + g
↑↓
r n0×
)
(µ′ × n0 − ~n˙0) .
Suppose n0(t) precesses at a small angle θ circularly
around n at a frequency Ω. Identifying n0 = s(1 −
cos θ) ≈ sθ2/2, we get for the cycle-averaged spin cur-
rent (for a constant µ′):
〈i0〉 = 1
4pi
(
g↑↓i + g
↑↓
r n×
)
µ′ × n− n0
4pis
{
g↑↓i µ
′ × n
+ g↑↓r [n× µ′ × n− 2n(n · µ′ + ~Ω)]
}
,
to first order in n0/s. This classical result is matched
with our quantum-mechanical calculation, Eqs. (1)
and (8), provided we identify:
4pis|V0|2D2 = g↑↓r . (9)
Crucially, this remarkable identification is only possible
once the matrix elements Ukk′σ are properly related to
the spin-mixing conductance and the n/s corrections are
included in g˜↑↓, as described above.
For thermal magnons with finite wave numbers (that
are still much smaller than the Fermi momentum of elec-
trons) normal to the interface [13], |Vq|2 = 2|V0|2, be-
cause of the Neumann (exchange) boundary conditions
at the F film boundaries. Having thus related |Vq|2 to
the real part of the spin-mixing conductance, according
to Eq. (9), we finally calculate the magnonic spin current
using the second line of Eq. (7), with the Bose-Einstein
distribution for magnons instead of the macroscopic oc-
cupation. The resultant expression for the thermal spin
and heat currents are given by Eqs. (2) and (3), respec-
tively. We conclude that the spin-mixing conductance
g↑↓ captures all the relevant, both elastic and inelastic,
matrix elements that govern interfacial spin transport.
Nonequilibrium thermodynamics.—Supposing that the
internal relaxation of thermal magnons is sufficiently fast
in comparison with the resonant precessional dynam-
ics Ω of the macroscopic order parameter n [8], an in-
stantaneous state of the magnet can be described by
three variables: the spin order n, magnon density n,
and entropy SF . The normal layer is characterized by
its spin density ρ and entropy SN . The most nat-
ural thermodynamic potential for our purposes is the
total internal energy U(n, n,ρ;SF , SN ) of the N/F bi-
layer as a function of these variables. These param-
eters (when conveniently normalized) form the follow-
ing conjugate pairs with their respective thermodynamic
forces: (AdF sn,H), (AdFn, µ), (AdNρ, µ
′), (SF , T ), and
(SN , T
′). We now consider the structure of the Onsager-
reciprocal relaxation of our system when perturbed away
from the equilibrium. Since for a closed system, the total
entropy S = SF + SN = const, at linear response, only
the entropic flow δS = (SF − SN )/2 is relevant, whose
thermodynamic conjugate is δT .
We start by deriving the spin current (1) in the absence
of the order-parameter dynamics, i.e., n˙ = 0, which is
then entered in the equations of motion for spin densities:
~ρ˙dN = −i+ Bloch relaxation , (10)
~ [(s− n)n˙− n˙n] dF = i+ LLGB dynamics , (11)
where “Bloch relaxation” stands for the possible spin
relaxation inside N and, similarly, “LLGB dynamics”
for the subsequent Landau-Lifshitz-Gilbert precession
of the order parameter along with a Bloch relaxation
of magnons. Equations (10), (11) could, furthermore,
serve as boundary conditions for subsequent spin diffu-
sion carried by electrons and/or magnons away from the
N/F interface. According to the Onsager principle, µ′
thus affecting magnetic dynamics n˙ [through the spin
current (1) on the right-hand side of Eq. (11)] implies
that H must similarly enter in the equation for ρ˙. As
can be shown [14] by straightforward manipulations of
Eqs. (10), (11), this is accomplished by the substitution
µ′ → µ′ − ~n× n˙ in Eq. (1), leading finally to Eq. (4).
Regarding the longitudinal spin current that is car-
ried by magnons [second line in Eq. (4)], its Onsager
reciprocity with the heat flux (5) is guaranteed by the
equivalence between the spin Peltier and Seebeck coef-
ficients, Π = TS/~, which arises naturally within our
Kubo calculation and is analogous to the so-called sec-
ond Thompson relation in thermoelectrics. (We remark
here that Aq˙ = δS˙T , within the linear response.) Note
there is no linear response in n˙ to µ or δT , nor (recipro-
cally) is there a linear response in the magnon and heat
currents to the precessional order-parameter dynamics,
within our exchange approximation.
Outlook.—Magnon-induced torques and spin currents
may manifest in a variety of F/N heterostructures. In
general, our expressions for spin and energy currents
serve as boundary conditions which must be comple-
mented by the appropriate bulk transport theory for both
5electrons and magnons. For example, in heterostruc-
tures utilizing spin Hall effect in order to convert be-
tween spin and charge currents on the normal-metal side,
the temperature-dependent spin currents flowing through
the structure in response to a thermoelectric bias (as is,
for example, the case in the conventional spin Seebeck
effect), as well as the temperature-dependent spin Hall
resistance, could be obtained by self-consistently solv-
ing the spin Hall diffusion equations in conjunction with
Eqs. (10) and (11) employed at the boundaries. Thermal
spin torques may also play an important role in magnetic-
resonance measurements in the presence of thermal gradi-
ents [15]. For thin ferromagnetic insulators, the interfaces
could form a bottleneck for longitudinal spin transport
with spin conductance ∼ (T/Tc)3/2. Our theory provides
an essential building block for understanding the insta-
bilities and dynamics of ferromagnets in the presence of
thermal gradients in magnetic heterostructures or spin-
transfer torque at finite temperature [16].
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